Numerical examples using synthetic fractal media show the approximate solutions to be in very good agreement with exact computations but 30-30 000 times faster.
In Sec. I, the equations governing viscoelastic wave propagation in a stratified medium are set up. For sufficiently small fixed horizontal slowness p, the equations take the form of a one-dimensional, first-order, linear, hyperbolic system c•zv + M (z) c•ov = 0, where •r = t--px, with t the (absolute) time. The matrix M, which is assumed to be piecewise differentiable with discrete jump discontinuities, is separated into two parts. One part represents the perfectly elastic, instantaneous response of the medium and contains the effects of scattering by inhomogeneity; the other involves the relaxation functions and represents anelastieity. The elastic part is diagonalized by means of an eigenvector decomposition. The resulting hyperbolic system must be supplemented by jump conditions at the interraces, that is, at the points of discontinuity of M.
In Sec. lI, the small parameter e is introduced. After diagonalization the elastic scattering term is assumed to be O(e) while the anelastic term is assumed to be O(e•). This ensures that the two effects will be comparable in the final analysis. The fastest downgoing mode, the P wave, is chosen for special attention and a comoving frame of reference is used that travels downward with the P wave speed. We postulate a solution in the form of a power series in e and then obtain a closed integrodifferential equation In See. IV, some numerical examples are presented that show the accuracy of this approximate method. We calculate the impulse responses for several purely elastic synthetic Goupillaud media derived from fractals of the fractional BrownJan motion type. The agreement with the exact solution is shown in several plots and is good, especially early in the signal, but deteriorates both with increasing time in the coda and as the magnitude of the reflection coetficients increases. The approximate computations were carded out by means of fast Fourier transforms, and were found to be 30-30 000 times faster than the finite-difference computations of the exact solution.
• Finally, we calculated the particle velocity corresponding to a smooth lowfrequency incident pulse in a different Goupillaud medium. We carry these computations farther into the coda than in the previous examples. Here there is very good agreement between the approximate and the exact solution even quite late in the coda, but there is a small progressive timing error at later times. However, this may be corrected by using effective medium travel times throughout instead of characteristic travel times.
I. THE BASIC EQUATIONS
Let x,y• be spatial ca)ordinates, with z vertically downward, perpendicular to the layering, and let t be the time. Assume that the properties of the medium are functions of z only, and that the particle velocities and stresses are functions of z and t--px only. Then it is known that the equa- 
where v(z,t) is the vector of particle velocities and traction components across surfaces z=const, and M(z) is an n Xn matrix of material parameters that are functions of the density, the elastic constants of the material, and the horizontal slowness p, and a=t-px.
When the material parameters have discrete jump discontinuities, Eq. (1) must be supplemented by the interface condition that v is continuous at the points of discontinuity of M. For isotropic elasticity the system splits into two decoupled systems, the 4 X 4 P-S V system for the in-plane components, and the 2 X 2 SH system for the out-of-plane components.
We now separate M into two parts, rewriting Eq. 
where E is the tensor of eigenvectors of M0 defined by 
where the vertical slownesses Yk are the eigenvalues and the ek are the eigenveetors of M0; they are assumed to be real and nonzero. Let sk=sgn(yk), 
We shall normalize the eigenvectors so that ErJE=K. 
II. THE INTEGRODIFFERENTIAL EQUATION
In this section we shall derive an integrodifferential equation governing the evolution of the pulse carried by the mode of interest, which we shall assume to be the fastest, for instance, the up-or downgoing P wave in isotropic elasticity.
A. Scaling
In order to estimate systematically the order of magnitude of various terms occurring in the analysis we introduce a small parameter e, 0 < e< 1. We shall assume that inhomogeneities in the mechanical parameters are O(e) while imperfections of elasticity are O(e•), but we shall consider wave propagation over large distances O(e-2), so that the effects of these perturbations become appreciable.
ET (z)J( OoMi ) (z,o')E(z) = e• B(z,o'), (18b) S (t) =I--ed © --e2• (1). (18c)
It follows from the normalization [Eq. (12)] that the matrix KA is skew, whereas, by Eq. (4), KB is symmetric.
The orthogonality ofS (ø implies that the O( 1 ) term ofS (t)
is I, that s/© is skew, and that 
In this way we emphasize the nth mode as the mode of interest, which, as stated above, we shall take to be the fastest. In these coordinates the diagonal differential operator of Eq. (14) is transformed: 
Equations (27) and (28) 
The convolutions in 0 implied by Eq. (58) may be treated conveniently by means of Laplace or Fourier transforms, but when this is done we should be aware of important time-domain considerations relating to causality, which are difficult to treat adequately in the frequency domain.
In the next section we shall show how a and b may be discretized so that Eq. (58) can be treated numerically. We note that the e 2 factors appearing in a and b imply that the approximations are valid on a z scale of e-2.
D. The reflected waves
In practice we need the particle velocities, which are observable quantities. They are components of v, which is related to W and wj by Eq. 
III. THE TRAVEL-TIME CORRECTION AND THE EFFECTIVE MEDIUM
The effect of the heterogeneity of the medium as represented by a(z,' ) in (58) is twofold: a delay in the pulse, and an evolution of the pulse shape, usually a broadening. 
It turns out that the delay is O(e z) and to this order is

E7 ,,(k) = •{ (•-g(•)) (•-•1).} (k). (90)
The latter relation, without the averaging, was used to construct a fractional Brownion motion from a random process by enforcing the desired power spectral density (86). For the more general case of oblique incidence, several parameters need to be generated. Then ( 
